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Abstract
We prove two conjectures of Andrews and Paule [G.E. Andrews, P. Paule, MacMahon’s partition analysis XI: Broken diamonds
and modular forms, Acta Arith. 126 (2007) 281–294] on congruences of broken k-diamond partitions.
c© 2007 Elsevier B.V. All rights reserved.
Keywords: Partition function; Congruences; Plane partitions
1. Introduction
In the latest of a series of papers on combinatorial investigations using a computer algebra package Omega,
Andrews and Paule [2] studied plane partitions of “hexagonal shape”.
Following the introduction in [2], we begin with the simplest case of classical plane partitions, treated by
MacMahon in [10, Vol. II, p. 183]. We consider non-negative integer parts ai of the partitions placed at the corners of
a square with the following order relations satisfied:
a1 ≥ a2, a1 ≥ a3, a2 ≥ a4, and a3 ≥ a4. (1.1)
Using arrows as alternative representations for ≥ relations, we may represent (1.1) using Fig. 1. Here and in the rest
of the figures, an arrow pointing from ai to a j is interpreted as ai ≥ a j .
Using partition analysis, MacMahon derived the generating function
ϕ :=
∑
xa11 x
a2
2 x
a3
3 x
a4
4
= 1− x
2
1 x2x3
(1− x1)(1− x1x2)(1− x1x3)(1− x1x2x3)(1− x1x2x3x4) ,
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Fig. 1. A representation of (1.1).
Fig. 2. A plane partition diamond of length n.
Fig. 3. A k-elongated partition diamond of length 1.
Fig. 4. A broken k-diamond of length 2n.
where the sum is taken over all non-negative integers ai satisfying (1.1). By setting x1 = x2 = x3 = x4 = q, he
observed that generating function reduces to
1
(1− q)(1− q2)2(1− q3) .
In [2], Andrews and Paule studied the generalization of the plane partition shown in Fig. 2, which was discussed
by Andrews, Paule, and Riese [3].
Instead of using squares, Andrews and Paule introduced k-diamonds, depicted in Fig. 3, as building blocks of the
chain.
Besides studying k-elongated diamond partitions of length n, Andrews and Paule also considered the broken
k-diamond in Fig. 4, consisting of two separated k-elongated partition diamonds of length n where in one of them, the
source is deleted.
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Definition 1.1 (Definition 4 of [2]). For n, k ≥ 1, define
H♦n,k := {(b2, . . . , b(2k+1)n+1, a1, a2, . . . , a(2k+1)n) ∈ N(4k+1)n the ai and bi satisfy
all the order relations in Fig. 4.}
h♦n,k := h♦n,k(x2, . . . , x(2k+1)n+1; y1, y2, . . . , y(2k+1)n+1)
:=
∑
(b2,...,b(2k+1)n+1,a1,a2,...,a(2k+1)n+1)∈H♦n,k
xb22 · · · x
b(2k+1)n+1
(2k+1)n+1y
a1
1 y
a2
2 · · · y
a(2k+1)n+1
(2k+1)n+1
and
h♦n,k(q) := h♦n,k(q, q, . . . , q).
Andrews and Paule have the following result on the generating function, h♦∞,k(q).
Theorem 1.2 (Theorem 3 of [2]). For k ≥ 1,
h♦∞,k =
(−q; q)∞
(q; q)2∞(−q2k+1; q2k+1)∞
,
where (x; q)∞ :=∏∞k=0(1− xqk).
For n ≥ 0 and k ≥ 1, by letting ∆k(n) denote the total number of broken k-diamond partitions of n, that is,
h♦∞,k =
∞∑
n=0
∆k(n)qn,
they suggested the existence of a myriad of partition congruences for ∆k(n). In particular, they listed the following
two conjectures.
Conjecture 1.3 (Conjecture 1 of [2]). For n ≥ 0,
∆2(10n + 2) ≡ 0 (mod 2).
Conjecture 1.4 (Conjecture 2 of [2]). For n ≥ 0,
∆2(25n + 14) ≡ 0 (mod 5).
In Section 2, we establish the following theorem.
Theorem 1.5. We have the congruences
∆2(10n + 2) ≡ ∆2(10n + 6) ≡ 0 (mod 2) for all n ≥ 0.
Conjecture 1.3 then follows immediately from Theorem 1.5. A proof of Conjecture 1.3 was also given by
Hirschhorn and Sellers [8].
In Section 3, we give two different proofs of the following theorem.
Theorem 1.6. We have the congruences
∆2(25n + 14) ≡ ∆2(25n + 24) ≡ 0 (mod 5) for all n ≥ 0. (1.2)
Conjecture 1.4 then follows immediately from Theorem 1.6. Both the proofs follow the method in [7]. We also
sketch how one may obtain the following family of congruences using the above two methods.
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Theorem 1.7. For l ≥ 1, we have
∆2
(
5l+1n + 3
4
(5l − 1)+ 2 · 5l + 1
)
≡ ∆2
(
5l+1n + 3
4
(5l − 1)+ 4 · 5l + 1
)
≡ 0 (mod 5).
The case when l = 1 gives Theorem 1.6. When l = 2, we have two new congruences given by
∆2(125n + 69) ≡ ∆2(125n + 119) ≡ 0 (mod 5)
for all n ≥ 0.
We end this section with a recollection of the U (m) operator. For a positive integer m, the operator U (m) acts on a
formal power series
∑∞
n=0 anqn by
∞∑
n=0
anq
n
∣∣∣∣∣
U (m)
=
∞∑
n=0
amnq
n .
From [4, (28)], we know that( ∞∑
n=0
bnq
mn
∞∑
n=0
anq
n
)∣∣∣∣∣
U (m)
=
∞∑
n=0
bnq
n
∞∑
n=0
amnq
n . (1.3)
Congruences like
(1− qk)5 ≡ 1+ q5k (mod 5)
or
(1− qk)10 ≡ (1− q5k)2 (mod 5)
will be used throughout the paper.
2. Proof of Theorem 1.5
Let ϕ(q) := 1+ 2∑∞n=1 qn2 . Then we have
ϕ2(q) = 1+ 4
∞∑
n=1
qn
2 + 4
( ∞∑
n=1
qn
2
)2
.
Therefore,
1
4q
{
ϕ2(q)− ϕ2(q5)
}
= 1
q
 ∞∑
n=1
qn
2 +
( ∞∑
n=1
qn
2
)2
−
∞∑
n=1
q5n
2 −
( ∞∑
n=1
q5n
2
)2
≡
∞∑
n=1
qn
2−1 +
∞∑
n=1
q2n
2−1 +
∞∑
n=1
q5n
2−1 +
∞∑
n=1
q10n
2−1 (mod 2).
Since n2 − 1, 2n2 − 1, 5n2 − 1 and 10n2 − 1 are never congruent to 2 nor 6 modulo 10, using the notation
[xm]∑∞n=0 anxn := am , we have
Lemma 2.1. For any non-negative integer n,
[q10n+2]
(
1
4q
{
ϕ2(q)− ϕ2(q5)
})
≡ [q10n+6]
(
1
4q
{
ϕ2(q)− ϕ2(q5)
})
≡ 0 (mod 2).
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Proof of Theorem 1.5.
h♦∞,2 =
(−q; q)∞
(q; q)2∞(−q5; q5)∞
≡ (−q; q
2)∞
(−q5; q5)∞
≡ 1
(q10; q10)3∞
(−q; q2)∞(q10; q10)2∞
(−q5; q10)∞ (mod 2)
= 1
(q10; q10)3∞
(
1
4q
{
ϕ2(q)− ϕ2(q5)
})
,
where we applied [5, Entry 10(iv), p. 262],
ϕ2(q)− ϕ2(q5) = 4q(−q; q10)∞(−q3; q10)∞(−q7; q10)∞(−q9; q10)∞(q10; q10)2∞,
on the last equality. Thus, applying Lemma 2.1 on the last expression, we complete the proof. 
3. Theorems 1.6 and 1.7
Note that for k = 2, we have
h♦∞,2 =
(−q; q)∞
(q; q)2∞(−q5; q5)∞
≡ 1
(q; q)2∞(−q; q)4∞
(mod 5)
= (q; q
2)2∞
(q2; q2)2∞
= 1
ψ2(q)
,
where we applied Gauss’ identity [1, (2.2.13)] in the last equality and ψ(q) := ∑∞n=0 qn(n+1)/2 is the generating
function for the triangular numbers.
First proof of Theorem 1.6. Let
Γ0(2) :=
{
S ∈ SL2(Z) : S ≡
(
1 ∗
0 1
)
(mod 2)
}
.
Then qψ8(q) is a modular form in {Γ0(2), 4, 1}, the space of entire modular forms of weight 4 and multiplier system
1. It is known that qψ8(q) is an eigenform, (see [6]). In other words, it is a form f of weight k on certain congruence
subgroup Γ of SL2(Z) such that for all m ∈ Z+, Tm f = λ(m) f for some λ(m) and Tm are Hecke operators defined
by
∞∑
n=0
anq
n
∣∣∣∣∣
Tm
=
∞∑
n=0
 ∑
d| gcd(m,n)
dk−1amn/d2
 qn
with k being the weight of the modular form
∑∞
n=0 anqn . In particular, for p prime,
∞∑
n=0
anq
n
∣∣∣∣∣
Tp
=
∞∑
n=0
(apn + pk−1an/p)qn,
where an/p = 0 if n is not divisible by p.
Therefore,
qψ8(q)|T5 =
(
[q5]qψ8(q)
)
qψ8(q) = 126qψ8(q) ≡ qψ8(q) (mod 5).
On the other hand,
qψ8(q) = ψ10(q) q
ψ2(q)
≡ ψ2(q5)qh♦∞,2 ≡ ψ2(q5)
∞∑
n=0
∆2(n − 1)qn (mod 5).
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Therefore, by (1.3),
qψ8(q)|U (5) ≡ ψ2(q5)
∞∑
n=0
∆2(n − 1)qn|U (5) (mod 5)
= ψ2(q)
∞∑
n=0
∆2(5n − 1)qn .
Combining, we have
∞∑
n=0
∆2(5n − 1)qn ≡ qψ6(q) ≡ qψ(q)ψ(q5) (mod 5). (3.1)
Note that [5, Corollary (ii)]
ψ(q) = A(q5)+ qB(q5)+ q3ψ(q25), (3.2)
where A(q) and B(q) are series with integral powers of q. Therefore, for any non-negative integer m,
[q5m+2]ψ(q) = [q5m+4]ψ(q) = 0. (3.3)
Hence, applying (3.3) on (3.1), we have
[q5m+3]
∞∑
n=0
∆2(5n − 1)qn ≡ [q5m+5]
∞∑
n=0
∆2(5n − 1)qn ≡ 0 (mod 5),
that is,
∆2(25n + 14) ≡ ∆2(25n + 24) ≡ 0 (mod 5). 
Upon substituting (3.2) into the right-hand side of (3.1), we obtain
∞∑
n=0
∆2(5n − 1)qn ≡
(
q A(q5)+ q2B(q5)+ q4ψ(q25)
)
ψ(q5) (mod 5).
Thus, considering only terms of the form q5n+4 on both sides of the congruence, we have
∞∑
n=0
∆2(25n + 19)q5n+4 ≡ q4ψ(q5)ψ(q25) (mod 5).
Equivalently, after multiplying by q and replacing q5 by q on both sides of the congruence, we obtain
∞∑
n=0
∆2(25n + 19)qn ≡ ψ(q)ψ(q5) (mod 5). (3.4)
Applying (3.3), we see that
∆2(125n + 69) ≡ ∆2(125n + 119) ≡ 0 (mod 5).
By induction, one can conclude that for l ≥ 1,
∞∑
n=0
∆2
(
5ln + 3
4
(5l − 1)+ 1
)
qn ≡ ψ(q)ψ(q5) (mod 5). (3.5)
Applying (3.3), we find that
∆2
(
5l+1n + 3
4
(5l − 1)+ 2 · 5l + 1
)
≡ ∆2
(
5l+1n + 3
4
(5l − 1)+ 4 · 5l + 1
)
≡ 0 (mod 5).
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Second proof. We define X (q) := q ψ2(q5)
ψ2(q)
. Then similarly, we conclude that
X (q)|U (5) = ψ2(q)
∞∑
n=0
∆2(5n − 1)qn .
On the other hand, following the method illustrated in [9, Theorem 4], we know that X (q)|U (5) is an entire modular
function on Γ0(10) and that it is a polynomial in X (q) of degree 5. Using Maple, we conclude that
X (q)|U (5) = 11X (q)− 60X2(q)+ 175X3(q)− 250X4(q)+ 125X5(q).
Combining, we have
ψ2(q)
∞∑
n=0
∆2(5n − 1)qn = 11X (q)− 60X2(q)+ 175X3(q)− 250X4(q)+ 125X5(q),
which upon taking congruences modulo 5 yields
ψ2(q)
∞∑
n=0
∆2(5n − 1)qn ≡ X (q) (mod 5), (3.6)
from which we obtain (3.1). 
Using similar arguments, we find that X2(q)|U (5) is an entire modular function on Γ0(10) and is a polynomial in
X (q) of degree 10. Using Maple, we conclude that
X2(q)|U (5) = −24X (q)+ 675X2(q)− 6700X3(q)+ 37 300X4(q)
− 132 500X5(q)+ 316 875X6(q)− 512 500X7(q)
+ 531 250X8(q)− 312 500X9(q)+ 78 125X10(q)
≡ X (q) (mod 5).
Multiplying X (q) on both sides of (3.6) and applying the U (5) operator on both sides, we obtain
ψ2(q)
∞∑
n=0
∆2(5(5n − 1)− 1)qn ≡ qψ2(q5)
∞∑
n=0
∆2(5n − 1)qn|U (5) ≡ X2(q)|U (5) ≡ X (q) (mod 5),
which is readily seen to be equivalent to (3.4). Repeatedly multiplying by X (q) and applying the U (5) operator on
both sides of (3.6), we obtain a second proof of (3.5) by induction.
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